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Abstract: Zero temperature spectra of mesons and glueballs are analyzed in a class of 
holographic bottom-up models for QCD (named V-QCD), as a function of x = j^- with the 
full back-reaction included. It is found that spectra are discrete and gapped (modulo the 
pions) in the QCD regime, for x below the critical value x c where the conformal transition 
takes place. The masses uniformly converge to zero in the walking region x — > x c due to 
Miransky scaling. The ratio of masses all asymptote to non-zero constants and 
therefore there is no "dilaton" in the spectrum. The S-parameter is computed and found 
to be of 0(1) in the walking regime. 
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1. Introduction 

The dynamics of "walking" (or nearly conformal) quantum field theories, have been the 
subject of intensive study, since they have been argued to be an important ingredient, |l|, 
H|, |H in providing viable non-perturbative mechanisms for electroweak symmetry breaking 
like technicolor, Q. This regime is expected to appear in standard QCD with N c colors 
and Nf flavors, just below the boundary of the conformal window, Nj ~ 4iV c , as well as 
in other quantum field theories, ||. 

The transition between the conformal window and QCD-like IR behavior, has been 
called a conformal transition ||. The "walking" regime has been conjectured to display 
Miransky scaling, [Q. It was recently suggested that in holographic theories this conformal 
transition is associated with a violation of the BF bound in the dual bulk theory, [||. More- 
over, in QCD, this correlates with fermion bilinear operators reaching a scaling dimension 
equal to 2, another prerequisite of viable extended technicolor. 

Apart from Miransky scaling several other phenomena have been associated with the 
"walking regime" of QFT: 

(a) The appearance of a light scalar state, the "dilaton", due to the almost unbroken 
scale invariance, Q. 

(b) The strong suppression of the S-parameter, a crucial ingredient for the experimental 
viability of technicolor theories, ||. 
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Both issues are controversial, especially as "walking regimes" appear at strong coupling, 
and perturbative techniques do not apply. 

In recently studied holographic models with walking behavior, the lightest state is often 
a scalar, [10|. Whether this state can be identified as the dilaton is, however, a difficult 
question and appears to depend on the model. The S-parameter has been studied in popular 
holographic bottom-up [11| as well as brane-antibrane models [12] with a variety of answers 
found. Recently, it was argued that in a class of holographic models the S-parameter is 
substantial and definitely bounded below, [13]. 

What we plan to do in this letter is to report on these and related issues in a class 
of holographic theories that have been proposed recently, under the name of V-QCD, [14] 
which has physics that is very close to QCD in the Veneziano limit. 



2. V-QCD 

The class of models in question combine two sectors whose dynamics are inspired by string 
holographic models. The first is improved holographic QCD (IHQCD), which is a holo- 
graphic model for large-N Yang Mills in 4 dimensions, JT5| . The second is a model for flavor 
inspired by tachyon condensation in string theory, |l6|]. The relevant fields in the gravity 
description that are kept in these models (in order to describe the vacuum structure) are 
as follows: apart for the five-dimensional metric, there is a scalar, (the dilaton, (f>) that 
is dual to the YM 't Hooft coupling constant, and a complex Nf x Nf matrix field, (the 
tachyon, Tij) transforming in the (Nf,Nf) of the U(Nf) x U(Nf) flavor group. We will be 
working in the Veneziano limit, N c , Nf — > oo with jf- = x fixed, fL7f , 
The complete action for V-QCD models can be written as 



S=S g + S f + S a (2.1) 

where S g , Sf, and S a are the actions for the glue, flavor and CP-odd sectors, respectively 1 . 
The glue action was introduced in [15, 19, 20], 



•S M I <$x ( R - + V g {\) 



3 A 2 



(2.2) 



with A = e^. The dilaton potential V g asymptotes to a constant near A = 0, and diverges 
as V g ~ A3^/log A as A — > oo, generating confinement, a mass gap, discrete spectrum and 
asymptotically linear glueball trajectories. 
The flavor action is 2 



S f = -^M 3 N C I d 4 xdrTr V f (X,TT j ) ( y^detA^ + v /Z detA R 



(2.3) 



1 We will not discuss S a here. We will address its physics (that contains the U(1)a anomaly) in a future 
publication, [Q. 

2 This is inspired by the Sen's action for tachyon condensation, pl[ ]. The non-abelian action is not well 
understood, but its knowledge is not needed for this paper. 
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Figure 1: Qualitative behavior of the transition temperature between the low and high temperature 
phases of V-QCD matter, p^ ]. 



The quantities inside the square roots are defined as 



\i)MN = 9MN + ™WFmn + ^ ({D M TY{D N T) + (D N T)*(D M T)) (2. ! ) 



with (i) = L, R, and the fields A^ as well as T are Nf x Nf matrices in the flavor space. 
The covariant derivative of the tachyon field is defined as 

D M T = d M T + iTA L M - iA^T . (2.5) 

The class of tachyon potentials that we will explore are 

Vf(X,T) = V f0 (\)e N f 1 V (2.6) 



For the vacuum solutions (with flavor independent quark mass) we set T = T{r)\^ f where 
r(r) is real, and the flavor gauge fields are trivial. V g {\) has been fixed already from glue 
dynamics pC|]. The other undetermined functions in the flavor action (Vfo(X), k(A), a(A), 
w(\)) must satisfy the following generic requirements: 

(a) There should be two extrema in the potential for r: an unstable maximum at r = 
with chiral symmetry intact and a minimum at r = oo with chiral symmetry broken. 



(b) The dilaton potential at r = 0, namely V e g (A) = V g {\) — xVfo(X), must have a non- 

11 

2 



trivial IR extremum at A = A*(x) that moves from A* = at x = ^ to large values 



as x is lowered. 



In [14, pifl , several classes of potentials have been explored. The models were classified 
according to the IR behavior of the tachyon (I or II) and the constant Wq, that controls 
the flavor dependence of the UV AdS scale. We refer to for a detailed exposition. 

At zero temperature the phase diagram as a function of < x < is essentially 
universal. In the region < x < x c , the (massless) theory has chiral symmetry breaking, 
and flows to a massless SU(Nf) pion theory in the IR. For x c < x < (the conformal 
window) the theory flows to a non-trivial IR fixed point and there is no chiral symmetry 
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Figure 2: Non-singlet meson spectra in the potential II class with Stefan-Boltzmann (SB) nor- 
malization for Wq (see ^2|), with x c ~ 3.7001. Left: the lowest non-zero masses of all four towers 
of mesons, as a function of x, in units of Ayy, below the conformal window. Right, the ratios of 
masses of up to the fourth massive states in the same theory as a function of x. 



breaking. It was found that x c ~ 4, its precise value depends on the details of the potential. 
In the regime just below the conformal window, x ~ x c the theory exhibits Miransky 
scaling, JjJ where in particular for the chiral condensate a ~ A^ v exp(— ^ X K _ x ) with k 
calculable from the flavor action, [14]. This regime is also known as the "walking" regime 
as the coupling flows to almost A*, stays there for many decades in the RG time, and then 
at the end the non-trivial tachyon drives the theory away from the non-trivial fixed point 
and towards A = oo. 

At finite temperature a rich structure of hairy black holes was found, with one and 
two scalar hairs, [22|. The general structure of their phase diagram is depicted in figure 
|l[ The chiral restoration transition is first order at low values of x but typically becomes 
second order as we approach x c . In this region extra chirally broken phases can appear 
and several extra first-order transitions (up to two), depending on the detailed potentials. 
The transition temperatures also exhibit Miransky scaling, [p^]. 



3. Quadratic fluctuations and spectra 

The purpose of this letter is to study further interesting aspects of the physics of V-QCD 
models and address several interesting questions that are now accessible to calculation. In 
this paper we consider the theory with massless quarks. 

The strategy is to consider small (quadratic) fluctuations of all the fields in V-QCD 
{9^v-i4>,T : A^' ) around the vacuum (zero temperature) solutions of ]I4]] , involving a Poin- 
care invariant metric, no vectors and radially depended scalars, 

ds 2 = e 2A( - r \dxl 3 + dr 2 ) , 4>{ T ) , T = r(r)l Nf . (3.1) 
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Figure 3: Non-singlet meson spectra in the potential I class (Wo = with x c ~ 4.0830. Left: 
the lowest non-zero masses of all four towers of mesons, as a function of x, in units of Ayy, below 
the conformal window. Right, the ratios of masses of up to the fourth massive states in the same 
theory as a function of x. 
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Figure 4: Singlet scalar meson spectra in the potential II class with SB normalization for Wq. 
They contain the ++ glueballs and the singlet ++ mesons that mix here at leading order. Left: 
the four lowest masses as a function of x in units of Auv- Right: the ratios of masses of up to the 
fourth massive states as a function of x. 



There are several fluctuations that we will classify into two distinct classes: singlet fluctu- 
ations under the flavor group, and non-singlet fluctuations. 



• The non-singlet fluctuations include the L and R vector meson fluctuations, packaged 
into an axial and vector basis, V^, A^, the pseudoscalar mesons (including the massless 
pions), and the scalar mesons. Their second order equations are relatively simple, 
and we present those of the vectors below. We work in axial gauge V r = and write 
the factorized Ansatz V fJ- (x^,r) = ip v (r) V M (x^). The radial wave functions satisfy 
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Figure 5: Potential II with SB normalization for Wq. Left: A fit of the p mass to the Miransky 
scaling factor, showing that it displays Miransky scaling in the walking region. Right, f v as a 
function of x in units of Auv- It vanishes near x c following again Miransky scaling. 



For the axial vectors we define transverse and longitudinal parts as A^(x^,r) = 
A^(x^,r) +Al(x^,r) with A^(x»,r) = %l) A {r) A^) and d^A^ = 0. The radial 
wave function satisfies 

d r (V f (\,T)w(\) 2 e A G~ 1 d r ^ A ) 4r 2 e 2A K(A) A 2 A 



V f {\,T)w{\) 2 e A G w(\f 



i) A + m A %l) A = . (3.3) 



The non-singlet scalar and pseudoscalar fluctuation equations are more complicated 
and we will present them in fl8|. A few general properties are as follows: 



1. In the conformal window all spectra are continuous. 

2. Below the conformal window, x < x c , the spectra are discrete and gapped. The 
only exception are the SU(Nf) pseudoscalar pions that are massless, due to 
chiral symmetry breaking. 

3. All masses in the Miransky scaling region (aka "walking region") are obeying 
Miransky scaling m n ~ Auv ex P( — i K )■ This is explicitly seen in the case of 

\JX C — X 

the p mass in figure ||, left. 

4. All non-singlet mass ratios asymptote to non-zero constants as x — > x c . 

In figures |2| and || we present the results for the non-singlet meson spectra (note that 
the plots on the left of those figures are in logarithmic scale) . The lowest masses of 
the mesons vary little with x until we reach the walking region. There, Miransky 
scaling takes over and the lowest masses dip down exponentially fast. The Atjv scale 
is extracted as usual from the logarithmic running of A in the UV. 
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The singlet fluctuations, that include the 2 ++ glueballs, the ++ glueballs and scalar 
mesons that mix to leading order in 1/N in the Veneziano limit, and the h glue- 
balls and the rf pseudoscalar tower. Although the spin- two fluctuation equations are 
always simple, summarized by the appropriate Laplacian, the scalar and pseudoscalar 
equations are involved and we refrain from presenting them here. They will appear 
in a future publication, [18|. 



A few general properties of the singlet spectra are as follows: Both items 1 and 3 
above remain as such (see figure || for ++ scalars). Item 2 is replaced by 

— Below the conformal window, x < x c , the singlet spectra are discrete and 
gapped. The U(1)a anomaly appears here at leading order and the mixture 
of the h glueball and the r( has a mass of 0(1). 

We also have: 

— In the scalar sector, for small x, where the mixing between glueballs and mesons 
is small, the lightest state is a meson, the next lightest state is a glueball, the 
next a meson and so on. However, with increasing x, non-trivial mixing sets in 
and level-crossing seems to be generic. This can be seen in figure ||, right. 

— All singlet mass ratios asymptote to constants as x — > x c . There seems to be no 
unusually light state (termed the "dilaton") that reflects the nearly unbroken 
scale invariance in the walking region. The reason is a posteriori simple: the 
nearly broken scale invariance is reflected in the whole spectrum of bound states 
scaling exponentially to zero due to Miransky scaling. 

The asymptotics of the spectra at high masses have two different behaviors, depending 
on the potentials. They are linear (for type I potentials ) ~ cn + • • ■ or quadratic, 

~ cn 2 + • • • for type II potentials. There is also the possibility, first seen in ]l6[ 
that the coefficient c in the linear case is different between axial and vector mesons. These 
possibilities do not affect substantially the issues of the dilaton as a well as the S-parameter. 

Finally, let us comment on the possibility of using as background the non-trivial saddle 
points, found in |l4}| , where the tachyon solution has at least one zero (analogous to the 
Efimov minima). We have verified explicitly that such saddle points are unstable, as the 
scalar meson equation has a single mode with a negative mass squared, both in the singlet 
and non-singlet channels. This mass is small for small x, but becomes large as x — > x c . 
Therefore the Efimov minima are strongly unstable in the walking regime. 



4. Two-point functions and the S-parameter 

We have computed the two-point functions of several operators including the axial and 
vector currents as well as the scalar mass operator. We will focus here on the two-point 
function of the vector and axial currents which can be written in momentum space as 

{V*(q)V u b (p)) = U^ A (q,p) = -(2vr) 4 5 4 (p + q) 5 ab {q\ u - q,q v ) U v (q) . (4.1) 
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Figure 6: Left: The S-parameter as a function of x for potential class I with Wo = j^. Right: The 
S-parameter as a function of x for potential class II with SB normalization for Wq- In both cases 
S asymptotes to a finite value as x — > x c . 

and similarly for the axial vector. We have V^{x) = J -^p^e tqx V^{q)t a ijjy{r) : where t a , 
a = 1, . . . , Nj — 1 are the flavor group generators. 
Using the expansions 

Yl A = ^- + Y- j JSl _ Yi v = y ^_ _ (4.2) 

q 2 ^ q 2 + ml-ie ^ q 2 + M 2 - le K ' 

we determine f w as 



2 _ N c N f dr-V 

J 7T 



12vr 2 



(4.3) 



=0,g=0 

where the normalization was fixed by matching the UV limit of the two point functions to 
QCD and we chose ip A (r = 0) = 1. 

A typical example is plotted in figure ||, right. The pion scale changes smoothly for 
most x, but is affected directly by Miransky scaling which makes it vanish exponentially 
in the walking regime. 

The S-parameter is 

s . * A [, (nv _ BA)U _ (^M _ MV1) (4 . 4) 

/ 77>2 j-2 \ 

n 

As both masses and decay constants in (4.2,4.4) are affected similarly by Miransky 



F 2 f 

n J n 

M 2 ml 



scaling, the S-parameter is insensitive to it. Therefore its value cannot be predicted by 
Miransky scaling alone. Our results show that generically the S-parameter (in units of 
NfN c ) remains finite in the QCD regime, < x < x c and asymptotes to a finite constant 
at x c . The S-parameter is identically zero inside the conformal window (massless quarks) 
because of unbroken chiral symmetry. This suggests a subtle discontinuity of correlators 
across the conformal transition. 
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This behavior of S is in qualitative agreement with recent estimates based on analysis 
of the BZ limit in field theory |23|]. We have also found choices of potentials where the 
S-parameter becomes very large as we approach x c . Our most important result is that 
generically the S parameter is an increasing function of x, reaching it highest value at x c 



contrary to previous expectations, |23|. 
5. Outlook 

We have analyzed zero temperature spectra of glueballs and mesons in a class of holographic 
theories (V-QCD) that are in the universality class of QCD in the Veneziano limit. We 
have verified some generic properties of such spectra in the theory with massless quarks. 

• In the conformal window all spectra are continuous. 

• Below the conformal window, x < x c , the spectra are discrete and gapped (except 
for the pions). 

• All masses in the Miransky scaling region (aka "walking region") are obeying Miran- 
sky scaling m n ~ Auv exp(— ^ X K _ X )- The same applies to other mass parameters like 

• All singlet and non-singlet mass ratios asymptote to non-zero constants as x — > 
x c . Therefore there is no "dilaton" state. The approximate conformal symmetry is 
correlated with Miransky scaling instead. 

• For finite values of x there is strong mixing between singlet mesons and glueballs, 
and occasional level crossings as we vary x. 

• The S-parameter in units of NfN c is generically 0(1), is an increasing function of x 
and asymptotes to a finite constant This suggests subtle discontinuities 
at the conformal transition. 

The results on the S-parameter suggest that making S arbitrarily small in a walking 
theory may be more difficult than expected before. Moreover our results indicate that is 



probably not the case in QCD in the Veneziano limit. In [24] that appeared while this work 
was being finalized, similar conclusions are reached in a different context (probe tachyon- 
flavor dynamics in AdS). We find that in the walking region of V-QCD, backreaction of 
flavor to matter (that is fully implemented here) is important, among other things, for the 
spectra, and therefore the two results are not directly comparable. 
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